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Abstract

In the mathematical engineering �elds, reconstruction of damagedim-
ages that were damaged by data transmission through a channel (e.g.
sent by a defective fax, a �c kle e-mail, etc.) has been regarded as a sort
of optimization problems. On the other hand, from the view point of the
statistical mechanics, it is regarded as determining the state of equilib-
rium of the random spin system. This is readily achievable by a priori
knowledge that generally, an image doesnot alter abruptly . By regarding
a pixel to spin and by intro ducing Hamiltonian the energy of which gets
lower when neighboring sites were the samespin, image reconstruction is
reduced to obtain the thermal equilibrium of spin system.
In this report, the validit y of image reconstruction by the methods of the
statistical mechanics is veri�ed.
MPI (MessagePassingInterface) library implementation for parallel com-
putation is used, which shortens the time of simulations.

1 Mo del and form ulation

1.1 Image reconstruction form ulation

In this paper, reconstruction of damagedmonochrome binary imagesis studied.
An image is described as the Ising spins f � i g, where i is pixel number that cor-
responds to site number in the spin system.
Information of the original imagef � i g is damagedby a channel. Received infor-
mation of the pixel i , � i , is damagedwith probabilit y p, and turned into reverse
of � i . The channel givesnoiseeach site independently , and the probabilit y that
a white pixel is turned into a black one and that of reversing are the same
(memorylessbinary symmetric channel).
The output function of the channel for the pixel i is thus givenby the conditional
probabilit y

Pout (� i j � i ) =
exp(� p � i � i )

2cosh� p
; (1)

exp(2� p) �
1 � p

p
: (2)

Under the assumption of independent noise at each pixel, the output function
for the whole image is the product of equation (1):

Pout (f � g j f � g) =
1

(2 cosh� p)N exp

 

� p

X

i

� i � i

!

; (3)

where N is the total number of pixels of the image.
The desiredconditional probabilit y (the posterior) that is the function P (f � g j f � g)
is obtained by the Bayes formula (equation 8). This is necessaryto estimate
the original image f � g from the damagedimage f � g.
The estimated image is de�ned as f � g to distinguish the reconstructed image
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from the original image.
From the Bayesformula, posterior is given by

P (f � g j f � g) =

exp

 

� p

X

i

� i � i

!

Ps (f � g)

Tr � exp

 

� p

X

i

� i � i

!

Ps (f � g)

; (4)

where Ps (f � g) is the generation probabilit y of the original image (the prior).
The prior Ps (f � g) expresseshow the original image was made. Generally, one
doesnot know the correct prior Ps (f � g).
Therefor, I introduced a model prior:

Pm (f � g) �

exp

0

@� m

X

( ij )

� i � j

1

A

Z (� m )
; (5)

where (ij ) runs over neighboring pixels, Z (� m ) is the partition function of the
ferromagnetic Ising model at temperature Tm

�
= � � 1

m

�
and � m is the parameter

of how smooth the original image is. This is basedon the priori knowledge of
image that generally, the pixel of image doesnot alter abruptly .
Thus,

P (f � g j f � g) =

exp

0

@� p

X

i

� i � i + � m

X

( ij )

� i � j

1

A

Tr � exp

0

@� p

X

i

� i � i + � m

X

( ij )

� i � j

1

A

(6)

is given by equation (4) and (5). This is the posterior of the estimated image
f � g when the damagedimage f � g is given. The most probable f � g is the f � g
that maximize the posterior.
In terms of the spin system,maximization the posterior equivalent to maximiza-
tion the Boltzmann factor of the ferromagnetic Ising model in the presenceof
random magnetic �elds.
Therefore, the image reconstruction Hamiltonian:

H = �

0

@ � p

� m

X

i

� i � i +
X

( ij )

� i � j

1

A (7)

is introduced. The original image reconstruction problem is reduced to maxi-
mizing the free energy of the above random magnetic �eld Ising model.
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The Bayesformula:
Generally, when there are two events A and B, the probabilit y that both of
events occur P (A; B) is given with the conditional probabilit y that event A
occurs under a condition that event B occurred P (A j B) and the conditional
probabilit y that event B occurs under a condition that event A occurred
P (B j A).
Equation theseleadsto

P (A; B) = P (A j B) P (B) = P (B j A) P (A) :

Thus,

P (A j B) =
P (B j A) P (A)

P (B)
=

P (B j A) P (A)
X

A

P (B j A) P (A)
(8)

is proven.

1.2 Reconstruction temp erature

Generally, onedoesnot know the degreeof damage. Therefor, I replace� p to a
generalvariable h in the later argument. The prior Ps (f � g) is now assumedto
be given by

Ps (f � g) =

exp

0

@� s

X

( ij )

� i � j

1

A

Z (� s)
; (9)

where � s is the inverseof temperature when the original image was generated.
The product of the pixel of the original image� i and the corresponding pixel of
the estimated image� i is +1 for � i = � i and � 1 for � i 6= � i . The averageover the
sum of all of the products by the output function of the channel Pout (f � g j f � g)
(equation 3) and the prior Ps (f � g) (equation 9) is de�ned as the overlap:

M (� m ; h)

= Tr� Tr� Ps (f � g) Pout (f � g j f � g) � i sgnh� i i

=
1

(2 cosh� p)N Z (� s)
Tr � Tr � exp

0

@� p

X

i

� i � i + � s

X

( ij )

� i � j

1

A � i

� sgnh� i i ; (10)

where Tr � and Tr � mean the sum over f � g and that over, respectively f � g,
and h� i i meansthe averageby the Boltzmann factor in the right hand side of
equation (6) � p being replacedby h.
The absolute value of the overlap satis�es
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M (� m ; h)

�
1

(2 cosh� p)N Z (� s)

�
�
�
�
�
�
Tr � Tr � exp
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X
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1
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�
�
�
�
�

=
1
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n
Tr � Tr � exp

�
� p

P
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P
( ij ) � i � j

�
� i

o2

�
�
�Tr � Tr � exp

�
� p

P
i � i � i + � s

P
( ij ) � i � j

�
� i

�
�
�
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1
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Tr � Tr � exp
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@� p

X
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� i � i + � s

X

( ij )

� i � j

1

A � i

�

Tr � Tr � exp

0

@� p
P

i � i � i + � s

X

(ij )

� i � j

1

A � i

�
�
�
�
�
�
Tr � Tr � exp

0

@� p
P

i � i � i + � s

X

(ij )

� i � j

1

A � i

�
�
�
�
�
�

=
1

(2 cosh� p)N Z (� s)
Tr � Tr � exp

0

@� p

X

i

� i � i + � s

X

( ij )

� i � j

1

A � i

� sgnh� i i � s ;� p

= M (� s ; � p) ; (11)

where sgnh� i i � s ;� p meansthe averageby the Boltzmann factors.
Therefore, the inequality

M (� m ; h) � M (� s ; � p) (12)

is obtained.
The overlap is the parameter of how good the reconstruction is, and it takes
its maximum when � m = � s and h = � p. Note that the most optimized recon-
struction is realized at �nite temperature (� � 1

m 6= 0 and h� 1 6= 0).
The inequality (12) was proved under the condition that the original image is
generatedby the Boltzmann factor of the ferromagnetic Ising model. However,
even when the original image is a natural image, the most optimized reconstruc-
tion is also realized at �nite temperature.
In this study, using a �xed value of � p = h, � m is changed.

2 Metho ds of simulations

2.1 Mon te Carlo metho d

Monte Carlo method is a stochastic technique that is used in many �elds of
sciences,ranging economics,nuclear physics to regulating the 
o w of tra�c.
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Metropolis algorithm, which is a very e�cien t way to determine the thermal
equilibrium, is described as follows:
At �rst, a spin of a site is reversed. Then, the di�erence between energy of
the system before and after the reverseof the spin � E is calculated. If energy
di�erence � E � 0, the reverseof the spin is accepted. On the other hand, if
� E > 0, the reverseof the spin is acceptedwith the probabilit y e� � m � E . This
operation is applied to every spin. After su�cien t iteration, the state of thermal
equilibrium is reached.
This is understood as follows:
From the detailed balance,

P (� j � ) P (� ) = P (� j � ) P (� ) (13)

should be satis�ed, where � and � are the spin states.
From this equation, the probabilit y of reversing spin becomes

P (� j � )
P (� j � )

=
P (� )
P (� )

= e� � (E � � E � ) � e� � m � E : (14)

(15)

In this study, the probabilit y that higher energy state turns into lower energy
state by reversingof spin P (� j � ) is de�ned as1. Therefore, the probabilit y that
higher energy state turns into lower energy state by reversing of spin P (� j � )
is given by

P (� j � ) = e� � m � E : (16)

2.2 Message passing in terface

MPI stands for MessagePassingInterface that is a widely usedstandard library
for implementing parallel programs using messagepassing. MPI is easy, highly
e�cien t and 
exible.
Recently , it is proved that the messagepassingsystem is e�ectiv e and simple
implementation for somesystems.
In this study, plenty of simple samecomputation is neededfor the each pixel,
but the necessaryinformation is only the information of the neighboring pixels.
Therefore, I introduced MPI to proceedsimulations on separateprocess.

2.3 Sub-lattice metho d

To introduce MPI library implementation for parallelization, I divided the im-
agesequally (seethe left of �gure 1). The each pieceof the image is simulated
on separateprocess.
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ABAB ... ABABA ... ...
BABA ... BABAB ... ...

ABAB ... ABABA ... ...
BABA ... BABAB ... ...

ABAB ... ABABA ... ...
BABA ... BABAB ... ...

ABAB ... ... ... ...
BABA ... ... ... ...

A B A B A
B A B A B
A B A B A
B A B A B

Figure 1: sub lattice method

In Figure 1, I showed the caseof 2 processes.
At the border (see shadedpart of the left of �gure 1), lack of information of
the neighboring pixels is occurred. Then, every sweepingof the image, the each
processsendsand receives their information each other by messagepassing.
In this case, some pixels use old information of the neighboring pixels. To
overcomethis di�cult y, I de�ned pixels assub-lattice A and sub-lattice B alter-
nately. First, the pixels sub-lattice A are swept. Then, the pixels the sub-lattice
B are swept. As the result of this operation, the neighboring pixels of the object
pixel are always on the di�eren t sub-lattice.

3 Simulations

3.1 Image reconstruction

I usedtwo dual Intel r
 Pentium r
 I I I Processor800MHz CPU machinesfor sim-
ulations of this study. Each machine is connectedby 100 Mbps LAN. I made
parallel program for simulations in C languagewith MPI library implementa-
tion.
I introduced a 256 � 256 monochrome binary image of the outline of D�mon 1

(�gure 2) for the original image.

Figure 2: original image (D�mon)

1 the mascot character of FreeBSD
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And, I generatedthe 10% damagedimage (�gure 3) and the 20% damaged
image (�gure 4) of the original image. Then, I performed simulations for the
reconstruction of the damagedimagesdescribed above (�gure 3 and 4).

Figure 3: 10% damagedimage of Figure 2

Figure 4: 20% damagedimage of Figure 2

The reconstructedimages(�gure 5 and 6) reproduce the original imagewell.

9



Figure 5: reconstructed image of Figure 3

Figure 6: reconstructed image of Figure 4

3.2 Reconstruction of photographs

Simple images such as �gure 2 satis�es the assumption of this study that is
\Generally, if there is an isolated white (or black) site on black (or white) back-
ground, the possibility that it is noise is high."
However, more complex imagessuch as an image that is generatedfrom a pho-
tograph such as �gure 7 do not satisfy the assumption in general.
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Figure 7: original image that was generatedfrom a photograph (Boltzmann)

In this case,bright and dark part of the image is expressedas density of
the white pixels and the black pixels. So, it is impossible to distinguish noise
from the parts where the white pixels and black pixels are distributed with the
almost sameprobabilit y. Therefore, the more complex imagessuch as an image
that is generatedfrom a photograph can not be reconstructed well (see�gure
8).

Figure 8: reconstructed image of 10 % damagedimage of Figure 7

3.3 Reconstruction temp erature

I determined � m that realized the optimized reconstructions by changing � m of
�gure 2 and 7. The most optimized reconstructions is realizedat �nite temper-
ature (see�gure 9 and 10).
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When the absolute zero of temperature is assumed,details of the image are
not reproduced well (see�gure 11).

Figure 11: reconstructed image of �gure 3 at absolute 0 degree
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3.4 Boundary condition e�ect

In this study, I introduced the free boundary condition that 0 spins are put
around the image. This condition reducesthe interactions of the spins of the
edgeof the image. This is basedon a priori knowledge that generally, the top
and the bottom (or the left edgeand the right edge) of image do not have a
mutual relation.
On the other hand, the most common boundary condition of simulations of
studiesof the statistical mechanicsis the periodic boundary condition. However,
if the periodic boundary condition is introduced for boundary condition of this
study, sometimesunexpectedwhite (or black) pixels appear in the reconstructed
image.

Figure 12: damagedimage (slash)

Figure 13: reconstructed image of �gure 12 by the periodic boundary condition

At the right upper part of �gure 13, unexpected black pixels appeared. Due
to the introduction of the periodic boundary condition, at the right upper part
of the damagedimage (�gure 12), the state of high distribution of black pixels
occurs.
However, for seamlessimages, the periodic boundary condition is better than
the free boundary condition.
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3.5 E�ect of parallelization by MPI

In this study, I equally divided the imagesinto 4 pieces(see�gure 14) to intro-
duce MPI library implementation.

Figure 14: divide an image

As the result of the introduction of MPI library implementation, e�ciency
got better (see�gure 15).
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Figure 15: e�ciency of MPI

The abscissaof �gure 15 is the time of the simulations and the vertical line is
the number of the pixels. In this study, number of the sweepingis proportional to
the number of the pixels. Therefore, the vertical line is number of the sweeping.
In the large number pixels region, the simulation time is almost proportional
to number of CPU. On the other hand, the simulation time is not proportional
to number of CPU when number of pixels is small. Because,messagepassing
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needslonger time than communication betweenCPU, memory, and cache. This
fact shows that introduction of MPI library implementation is e�cien t if the
image to be reconstructed is su�cien tly large.

Summary

In this thesis,validit y of image reconstruction of simple imagessuch as �gure 2
by the methods of the statistical mechanics is demonstrated.
However, image reconstruction of more complex imagessuch as an image that
is generatedfrom a photograph is not achieved. To treat more complex images,
another model such asPotts model may be necessary, which is left for the future.
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